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1 Introduction

Recent developments, initiated in [1, 2], which led to important progress in understanding

the holographic duality between D = 3 superconformal theories and type IIA string/M-

theory on AdS4 have revived an interest in studying strings and branes in supergravity

backgrounds whose bosonic subspace is AdS4 ×M6 and AdS4 ×M7, respectively, where

M6 is a compactified manifold of D = 10 type IIA supergravity and M7 is its Hopf

fibration counterpart in D = 11 supergravity (or M-theory). Examples of interest include

the supergravity solutions with M6 = CP 3 and M7 = S7/Zk (with an integer k being the

Chern-Simons theory level) and their squashings.

In particular, the N = 6 Chern-Simons theory with the gauge group U(N)k ×
U(N)−k [3] has been conjectured to describe, from the CFT3 side, M-theory on AdS4 ×
S7/Zk. In the limit of the parameter space of the ABJM theory in which the ’t Hooft

coupling λ = N/k is λ5/2 ≪ N2 and k ≫ 1, the bulk description is given in terms of per-

turbative type IIA string theory on the AdS4×CP 3 background. To analyze this new type

of holographic correspondence from the bulk theory side, an explicit form of the action for

the superstring in AdS4 × CP 3 superspace is required.

In contrast to e.g. the case of type IIB string theory in AdS5 × S5 superspace which

preserves the maximum number of 32 supersymmetries and is thus described by the super-

coset SU(2, 2|4)/SO(1, 4)×SO(5), the case of type IIA string theory on AdS4×CP 3 is more

complicated since AdS4×CP 3 preserves only 24 of 32 supersymmetries. As a consequence,

the complete type IIA superspace with 32 fermionic coordinates, that solves the IIA super-

gravity constraints for the AdS4 × CP 3 vacuum solution, is not a coset superspace. This

superspace has been constructed in [4] by dimensional reduction of the AdS4 × S7/Zk so-

lution of D = 11 supergravity described by the supercoset OSp(8|4)/SO(7)×SO(1, 3)×Zk

with 32 fermionic coordinates. The construction of [4] has generalized to superspace the

results of [5–7] on the relation of AdS4 ×M6 solutions of D = 10 type IIA supergravity

and AdS4 ×M7 solutions of D = 11 supergravity by identifying the compact manifolds

M7 as S1 Hopf fibrations over corresponding M6.

In [4] it has been shown that the supercoset space OSp(6|4)/U(3) × SO(1, 3) with 24

fermionic directions, which has been used in [9]–[13] to construct a superstring sigma model

in AdS4 × CP 3, is a subspace of the complete superspace and that the supercoset sigma-

model action (being a partially gauge-fixed Green-Schwarz superstring action) describes

only a subsector of the complete type IIA superstring theory in AdS4×CP 3. The reason for

this is that the kappa-symmetry gauge fixing condition which puts to zero eight fermionic

modes corresponding to the 8 broken supersymmetries is not admissible for all possible

string configurations. So, in particular, though the OSp(6|4)/U(3) × SO(1, 3) sigma model

sector of the theory is classically integrable [9, 10] and there are generic arguments in favor

of the integrability of the whole theory, the direct proof of the integrability of the complete

AdS4 × CP 3 superstring still remains an open problem.

The knowledge of the explicit structure of the AdS4×CP 3 superspace with 32 fermionic

directions allows one to approach this and other problems. The form of the string action

in the AdS4 ×CP 3 superspace can be drastically simplified by choosing a suitable descrip-
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tion of the background supergeometry and an appropriate kappa-symmetry gauge, as was

shown previously for the cases of the type IIB superstring, D3, M2 and M5-branes in the

corresponding AdS × S backgrounds [14]–[19]. A superconformal realization and a kappa-

symmetry gauge fixing of the OSp(6|4) sigma model sector of the AdS4 ×CP 3 superstring

have been considered in [20] and in a light-cone gauge in [21].

In this paper we perform an alternative κ-symmetry gauge fixing of the complete

AdS4 × CP 3 superspace which is suitable for studying regions of the theory that are not

reachable by the supercoset sigma model. In Subsection 4.3 we apply this gauge fixing to

simplify the superstring action in AdS4 × CP 3 and consider its T-dualization along a 3d

translationally invariant subspace of AdS4, similar to that performed in [17], which results

in a simple action that contains fermions only up to the fourth order. We also argue that, in

contrast to the AdS5 × S5 superstring [22–24], it is not possible to T-dualize the fermionic

sector of the superstring action in AdS4 × CP 3, which agrees with the conclusion of [25]

regarding the OSp(6|4) supercoset subsector of the theory.

In addition to the superstring, also for certain configurations of type IIA branes, e.g.

D0- and D2-branes considered in section 4, the complete AdS4 × CP 3 superspace should

be used. An interesting example is a 1/2 BPS probe D2-brane placed at the d = 3

Minkowski boundary of AdS4. Upon gauge fixing worldvolume diffeomorphisms and kappa-

symmetry, the effective theory on the worldvolume of this D2-brane, which describes its

fluctuations in AdS4 × CP 3, is an interacting d = 3 gauge Born-Infeld-matter theory

possessing the (spontaneously broken) superconformal symmetry OSp(6|4). The model

is superconformally invariant in spite of the presence on the d = 3 worldvolume of the

dynamical Abelian vector field, since the latter is coupled to the 3d dilaton field associated

with the radial direction of AdS4. The superconformal invariance is spontaneously broken

by a non-zero expectation value of the dilaton. This example is a type IIA counterpart of so

called singleton M2, tripleton M5 and doubleton D3-branes [18, 19, 26, 27] at the boundary

of AdSp+2 × SD−p−2 (p = 2, 3 and 5), respectively, in D = 11 supergravity and type IIB

string theory (see [28] for a corresponding brane scan and a review of related earlier work).

Another example of interest for the study of the AdS4/CFT3 correspondence is a D2-

brane filling AdS2 × S1 ⊂ AdS4 [29]. This BPS D2-brane configuration corresponds to a

disorder loop operator in the ABJM theory. Other D-brane configurations, which are to

be related to Wilson loop operators in the ABJM theory, were considered e.g. in [30]–[34].

In this paper we extend the bosonic action for a D2-brane wrapping AdS2 × S1 to include

the worldvolume fermionic modes.

We start our consideration with an overview of the geometry of the AdS4 × CP 3

superspace.

2 AdS4 × CP 3 superspace

The superspace under consideration contains AdS4 ×CP 3 as its bosonic subspace and has

32 fermionic directions [4]. It is parametrized by the supercoordinates

ZM = (xm̂, ym′

,Θα) = (xm̂, ym′

, ϑαa′

, υαi), (2.1)

– 3 –
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where xm̂ (m̂ = 0, 1, 2, 3) and ym′

(m′ = 1, . . . , 6) are, respectively, the coordinates of

AdS4 = SO(2, 3)/SO(1, 3) and CP 3 = SU(4)/SU(3) × U(1). Θα are the 32 fermionic co-

ordinates which we split into the 24 coordinates ϑαa′

, that correspond to the 24 unbroken

supersymmetries in the AdS4 × CP 3 background, and the 8 coordinates υαi which corre-

spond to the broken supersymmetries. The indices α = 1, 2, 3, 4 are AdS4 spinor indices,

a′ = 1, . . . , 6 correspond to a six-dimensional representation of SU(3) (note that the index

a′ appearing on spinors is different from the same index appearing in bosonic quantities,

see appendix A.5) and i = 1, 2 are SO(2) ∼ U(1) indices. For more details of our notation

and conventions see appendix A.1 For the reader’s convenience, below we list some of the

notation used in the text:

1. D = 10 AdS4 ×CP 3 superspace with 24 fermions is the supercoset OSp(6|4)/U(3)×
SO(1, 3). The supervielbeins and connections are denoted by

(

Eâ, Ea′

, Eαa′

,Ωâb̂,Ωa′b′ , A
)

(2.2)

whose expressions are given in appendix B, eq. (B.1).

2. D = 11 AdS4 × S7 superspace with 24 fermions. This is obtained as a U(1) bundle

over the OSp(6|4)/U(3) × SO(1, 3) supercoset with the fiber coordinate denoted by

z. It is the supercoset OSp(6|4) × U(1)/U(3) × SO(1, 3) whose supervielbeins and

connections are denoted by
(

Êâ, Êa′

, Ê7, Êαa′

, Ω̂âb̂, Ω̂a′b′
)

. (2.3)

They are given in eqs. (4.9), see also [4]. Ê7 stands for the 7th (fiber) direction of S7

(or, equivalently, the 11th direction in D = 11).

3. D = 11 AdS4 × S7 superspace with 32 fermions. This is the supercoset

OSp(8|4)/SO(7) × SO(1, 3). Its supervielbeins and connections are denoted by

(

E â, Ea′

, E7, Eαa′

, Eαi,Ωâb̂,Ωa′b′ ,Ωa′7
)

. (2.4)

Their explicit expressions are given in (4.1), (4.2) and (4.3).

4. Finally, the D = 10 AdS4 ×CP 3 superspace with 32 fermionic directions is obtained

by performing a rotation of (2.4) in the (â, 7)-plane accompanied by the dimensional

reduction to D = 10 (see [4]). The geometric quantities characterizing this superspace

are denoted by
(

E â, Ea′

, Eαa′

, Eαi,Oâb̂,Oa′b′ ,A
)

. (2.5)

The supervielbeins have the following form

1Our notation and conventions are close to those in [4]. The difference is that, in this paper we put a “hat”

on the AdS4 vector indices and use a more conventional IIA superspace torsion constraint Tαβ
A = −2iΓA

αβ

(instead of Tαβ
A = 2ΓA

αβ) and corresponding constraints on the gauge field strengths. We also restore the

dependence of the geometric quantities and fields on the S7 radius R, the eleven-dimensional Planck length

lp = e
1

3
<φ>

√
α′ and the Chern-Simons level k, which were put equal to one in [4].
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Ea′

(x, y, ϑ, υ) =e
1
3
φ(υ)

(

Ea′

(x, y, ϑ) + 2iυ
sinhm

m
γa′

γ5E(x, y, ϑ)

)

,

E â(x, y, ϑ, υ) =e
1
3
φ(υ)

(

E b̂(x, y, ϑ) + 4iυγ b̂ sinh2 M/2

M2
Dυ

)

Λb̂
â(υ)

− e−
1
3
φ(υ) R

2

klp

(

A(x, y, ϑ) − 4

R
υ εγ5 sinh2 M/2

M2
Dυ

)

E7
â(υ) ,

Eαi(x, y, ϑ, υ) =e
1
6
φ(υ)

(

sinhM
M Dυ

)βj

Sβj
αi (υ) − ieφ(υ)A1(x, y, ϑ, υ) (γ5ελ(υ))αi ,

Eαa′

(x, y, ϑ, υ) =e
1
6
φ(υ)Eγb′(x, y, ϑ)

(

δγ
β − 8

R

(

γ5 υ
sinh2m/2

m2

)

γi

υβi

)

Sβb′
αa′

(υ) .

(2.6)

The new objects appearing in these expressions, m, M, Λâ
b̂, E7

â and S
β
α , are functions

of υ and their explicit forms are given in appendix B.1 while the dilaton φ, dilatino λ

and RR one-form A1 are given below. Contracted spinor indices have been suppressed,

e.g. (υεγ5)αi = υβjεjiγ
5
βα, where εij = −εji, ε12 = 1 is the SO(2) invariant tensor. The

covariant derivative is defined as

Dυ =

(

d+
i

R
Eâ(x, y, ϑ) γ5γâ −

1

4
Ωâb̂(x, y, ϑ) γâb̂

)

υ . (2.7)

The type IIA RR one-form gauge superfield is

A1(x, y, ϑ, υ) = Re−
4
3
φ(υ)

[(

A(x, y, ϑ) − 4

R
υ εγ5 sinh2 M/2

M2
Dυ

)

R

klp
Φ(υ)

+
1

klp

(

Eâ(x, y, ϑ) + 4iυγâ sinh2 M/2

M2
Dυ

)

E7â(υ)

]

.

(2.8)

The RR four-form and the NS-NS three-form superfield strengths are given by

F4 = dA3 −A1H3 = − 1

4!
E d̂E ĉE b̂E â

(

6

klp
e−2φΦεâb̂ĉd̂

)

− i

2
EBEAEβEαe−φ(ΓAB)αβ ,

H3 = dB2 = − 1

3!
E ĉE b̂E â

(

6

klp
e−φεâb̂ĉd̂E7

d̂

)

−iEAEβEα(ΓAΓ11)αβ + iEBEAEα(ΓABΓ11λ)α

(2.9)

and the corresponding gauge potentials are

B2 = b2 +

∫ 1

0
dt iΘH3(x, y, tΘ) , Θ = (ϑ, υ) (2.10)

A3 = a3 +

∫ 1

0
dt iΘ (F4 + A1H3) (x, y, tΘ) , (2.11)

where b2 and a3 are the purely bosonic parts of the gauge potentials and iΘ means the

inner product with Θα. Note that b2 is pure gauge in the AdS4 ×CP 3 solution while a3 is

the RR three-form potential of the bosonic background.

The dilaton superfield φ(υ), which depends only on the eight fermionic coordinates

corresponding to the broken supersymmetries, has the following form in terms of E7
â(υ)

– 5 –
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and Φ(υ)

e
2
3
φ(υ) =

R

klp

√

Φ2 + E7
âE7

b̂ ηâb̂ . (2.12)

The value of the dilaton at υ = 0 is

e
2
3
φ(υ)|υ=0 = e

2
3
φ0 =

R

klp
. (2.13)

The fermionic field λαi(υ) describes the non-zero components of the dilatino superfield

and is given by the equation [35]

λαi = − i

3
Dαi φ(υ) . (2.14)

In the above expressions Eâ(x, y, ϑ), Ea′

(x, y, ϑ) and Ωâb̂(x, y, ϑ) are the supervielbeins

and the AdS4 part of the spin connection of the supercoset OSp(6|4)/U(3) × SO(1, 3) and

A(x, y, ϑ) is the corresponding type IIA RR one-form gauge superfield, eq. (2.2), whose

explicit form is given in appendix B.

As mentioned above other quantities appearing in eqs. (2.6)–(2.14), namely M, m,

Φ(υ), E7
â(υ), Λâ

b̂(υ) and Sβ
α(υ), whose geometrical and group-theoretical meaning has

been explained in [4], are also given in appendix B.

3 Kappa-symmetry gauge fixing

We shall now consider conditions for gauge fixing kappa-symmetry which are convenient

for the description of configurations of superstrings and D-branes in the AdS4 × CP 3

superbackground described above and for studying AdS4/CFT3 correspondence problems.

Since the AdS4/CFT3 holography is realized at the 3d Minkowski boundary of AdS4

it is convenient to choose the AdS4 × CP 3 metric in the form

ds2 =

(

r

RCP 3

)4

dxm ηmn dx
n +

(

RCP 3

r

)2

dr2 +R2
CP 3 ds

2

CP3
(3.1)

where m = 0, 1, 2 are indices corresponding to the coordinates of the 3d Minkowski bound-

ary and r is the 4th, radial, coordinate of AdS4. So the AdS4 coordinates are xm̂ = (xm, r).

The AdS4 radius is half of the CP 3 radius RCP 3 which (in the string frame) is related to

the S7 radius R as follows

RCP 3 = e
1
3
φ0R =

(

R3

klp

)1/2

. (3.2)

In the coordinate system associated with the metric (3.1) (the bosonic part of) the RR

field A3, whose flux, together with F2 = da1 = e−φ0

RCP3
dym′

dyn′

Jm′n′ (where dym′

dyn′

Jm′n′

is the Kähler form on CP 3), ensures the compactification on AdS4 × CP 3 [6–8], has the

following form

a3 = e−φ0

(

r

RCP 3

)6

dx0 dx1 dx2 , F4 =
6

RCP 3

e−φ0

(

r

RCP 3

)5

dx0 dx1 dx2 dr . (3.3)

– 6 –
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(In our conventions the exterior derivative acts from the right.)

Instead of the AdS4 part of the metric (3.1), which obscures a bit the fact that the

metric of the conformal boundary is the flat Minkowski metric on R1,2, one can use the

AdS4 metric in the conformally flat form

ds2
AdS4

=
1

u2

(

dxmηmndx
n +

R2
CP 3

4
du2

)

, u =

(

RCP 3

r

)2

. (3.4)

This metric is associated with a simple coset representative g = exp(xm Πm)

exp(RCP 3 ln(u)D), where Πm are the generators of the Poincaré translations along the

Minkowski boundary ([Πm, Πn] = 0) and D is the dilatation generator [D, Πm] = Πm.

Note that if the components of the vielbein associated with the metric (3.1) or (3.4)

are chosen to be2

e
φ0
3 ea =

r2

R2
CP 3

dxa = u−1 dxa , e
φ0
3 e3 =

RCP 3

r
dr = −RCP 3

2u
du, (3.5)

the components of the SO(1, 3) spin connection are

ωa3 = − 2

R
ea , (3.6)

and

ωab = 0 . (3.7)

We shall use the relation (3.6) to simplify the form of the gauge fixed AdS4×CP 3 superge-

ometry. Note that the condition (3.6) can always be imposed by performing an appropriate

local SO(1, 3) transformations of the vielbein and connection, though in general the SO(1, 2)

components ωab of the connection will be non-zero.

Using the previous experience of gauge fixing kappa-symmetry of superstrings, D-

branes and M-branes in AdS backgrounds [14]–[19] we choose the kappa-symmetry gauge

fixing condition in the form3

Θ =
1

2
(1 ± γ)Θ ⇒ ϑa′

=
1

2
(1 ± γ)ϑa′

, υi =
1

2
(1 ± γ)υi, (3.8)

where

γ = γ012 ⇒ γ2 = 1, {γ, γ5} = [γ, γa] = 0 and γγ3 = −iγ5 , (3.9)

a = 0, 1, 2 are the indices of the 3d Minkowski boundary or of AdS2×S1 and γ3 is associated

with the third spatial direction of AdS4. Note that, in view of our definition (A.10) of the

D = 10 gamma-matrices the matrices defined in (3.9) can be regarded either as 4d gamma

matrices or as the D = 10 matrices Γâ = γâ ⊗ 1 (â = 0, 1, 2, 3).

2Note that the vielbeins ea and e3 appearing in eq. (3.5) correspond to the AdS4 metric of the

D = 11 AdS4 × S7 solution characterized by the radius R which is related to the CP 3 radius in the

string frame according to eq. (3.2). These bosonic vielbeins will appear in our explicit expressions for the

AdS4 × CP 3 supergeometry.
3Such a gauge for fixing kappa-symmetry is analogous to the so called Killing spinor gauge [14], or

supersolvable gauge [36], or the superconformal gauge [19].

– 7 –
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The condition (3.8) is admissible for fixing kappa-symmetry if the projection matrix
1
2 (1∓γ) either coincides or does not commute with the kappa-symmetry projection matrix
1
2 (1+ Γ) of a given configuration of the superstring and D-branes. This can be understood

in the following way. To lowest order in fermions Θ transforms under kappa-symmetry as

δκΘ =
1

2
(1 + Γ)κ , (3.10)

where 1
2(1 + Γ) is a projection matrix and κ(ξ) is an arbitrary spinor parameter. It is

then clear that if the two projectors coincide, we can pick a κ such that 1
2(1 + Γ)Θ = 0,

or equivalently Θ = 1
2(1 − Γ)Θ. In the case when the two projection operators do not

coincide a kappa-symmetry variation of the gauge-fixing condition 1
2(1 ∓ γ)Θ = 0 which

leaves it intact gives

0 =
1

4
(1∓γ)(1+Γ)κ =

1

8
(1+Γ)(1∓γ)(1+Γ)κ∓ 1

8
[γ,Γ](1+Γ)κ = ∓1

8
[γ,Γ](1+Γ)κ , (3.11)

where in the last step we made use of the initial equation. This means that for the

gauge-fixing to be complete, i.e. that the variation of the gauge fixing condition vanishes if

and only if all independent kappa-symmetry parameters are put to zero, the commutator

[γ,Γ] has to be an invertible matrix (when restricted to the relevant subspace).

As we shall see below, for any choice of the sign the condition (3.8) is an admissible

gauge-fixing in the case of arbitrary motion of D0-branes in AdS4 × CP 3, while in the

case of the superstring it is admissible (for both signs) for those configurations for which

the projection of the string worldsheet on the 3d Minkowski boundary is a non-degenerate

two-dimensional time-like surface. In the case of the D2-brane placed at the Minkowski

boundary of AdS4, to gauge fix kappa-symmetry one must choose the condition (3.8) with

the lower sign [19], while both signs are admissible when the D2-brane wraps an AdS2×S1

subspace of AdS4. However, the choice of (3.8) with the upper sign yields the simplest

gauge-fixed form of the string and brane actions in the AdS4 × CP 3 superbackground.

When the fermionic coordinates are restricted by the condition (3.8), the expressions

for the supervielbeins and the gauge superfields of the AdS4 ×CP 3 superspace drastically

simplify due to the identities satisfied by the projected fermionic coordinates given in

appendix C. In particular, the functions of υ which enter the eqs. (2.6)–(2.12), whose

explicit forms are given in appendix B.1, reduce to

Φ(υ) = 1 +
8

R
υ εγ5 sinh2 M/2

M2
ευ = 1 , (3.12)

E7
a(υ) = −8i

R
υγa sinh2 M/2

M2
ε υ = −2i

R
υγaευ , (3.13)

E7
3(υ) = −8i

R
υγ3 sinh2 M/2

M2
ε υ = 0 . (3.14)

The dilaton superfield (2.12) takes the form

e
2
3
φ(υ) =

R

klp

(

1 − 6

R2
(υυ)2

)

⇒ φ(υ) =
3

2

(

log
R

klp
− 6

R2
(υυ)2

)

, (3.15)
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where υυ = δijCαβυ
αiυβj , and the dilatino becomes

λαi =
2i

R

(

R

klp

)−1/4(

(γ5υ)αi +
3

R
υαi υυ

)

. (3.16)

We also find that

Λa
b =

(

1 +
2

R2
(υυ)2

)

δa
b , Λ3

a = Λa
3 = 0 , Λ3

3 = 1 , (3.17)

and

Sα
β =

(

R

klp

)1/4

e−
1
6
φ δα

β +
i

R
υγaευ (ΓaΓ11)α

β . (3.18)

3.1 AdS4 × CP 3 supergeometry with Θ = 1
2(1 + γ)Θ

The supervielbeins (2.6) and the gauge superfields (2.8), (2.10) and (2.11) take the

simplest form when the kappa-symmetry gauge condition (3.8) is chosen with the

upper sign. In virtue of eqs. (3.12)–(3.18) and expressions given in appendix C, the

supervielbeins reduce to

Ea′

(x, y, ϑ, υ) =

(

R

klp

)1/2

ea
′

(y)

(

1 − 3

R2
(υυ)2

)

,

Ea(x, y, ϑ, υ) =

(

R

klp

)1/2

(ea(x) + iΘγaDΘ)

(

1 − 1

R2
(υυ)2

)

,

E3(x, y, ϑ, υ) =

(

R

klp

)1/2

e3(x)

(

1 − 3

R2
(υυ)2

)

,

Eαi(x, y, ϑ, υ) =

(

R

klp

)1/4(

(D8υ)
αi − 1

R
υγaευ (D8υεγaγ5)

αi

− 4i

R2
(ea(x) + iΘγaDΘ)(γaυ)

αi υυ

)

,

Eαa′

(x, y, ϑ, υ) =

(

R

klp

)1/4(

(D24ϑ)αa′

+
i

R
υγaευ (D24ϑγaγ5γ7)

αa′

)

.

(3.19)

The type IIA RR one-form gauge superfield is

A1(x, y, ϑ, υ) = klp

(

A(y) − 2i

R2
(ea(x) + iΘγaDΘ)υεγaυ

)

, (3.20)

where A(y) is the potential for the Kähler form on CP 3, i.e. dA(y) = 1
R2 dy

m′

dyn′

Jm′n′ ,

and the covariant derivatives are

DΘ = (D8υ, D24ϑ) (3.21)

D8υ = P2

(

d− 1

R
e3 − 1

4
ωabγab + 2A(y)ε

)

υ

D24ϑ = P6

(

d− 1

R
e3 +

i

R
ea

′

γa′ − 1

4
ωabγab −

1

4
ωa′b′γa′b′

)

ϑ ,
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where P2 and P6 are projectors that single out from 32 Θ, respectively, 8 υ and 24 ϑ

(see appendix A.5). The appearance of the U(1) gauge potential A(y) in the covariant

derivative of υ (3.21) reflects the fact that υ has U(1) charge equal to 2.

Note that

D8 = P2 DP2 , D24 = P6 DP6 , (3.22)

where

D = d− 1

R
e3 +

i

R
ea

′

γa′ − 1

4
ωabγab −

1

4
ωa′b′γa′b′ . (3.23)

The NS-NS three-form, eq. (2.9), becomes

H3 = − 6i

R2
e3 Eb Ea εabc υγ

cευ − 2R

klp

[

i

R
(eb + iΘγbDΘ)(ea + iΘγaDΘ)D8υγabευ

+
1

R
(ea + iΘγaDΘ)DΘ γabDΘ υγbευ +

1

2
e3DΘ γ7DΘ +

2i

R
e3 ea

′

DΘγa′γ7υ

+
i

2
ea

′

DΘ γa′γ7DΘ +
1

R
eb

′

ea
′

DΘ γa′b′γ7υ

]

, (3.24)

where Θ = (ϑ, υ) and DΘ = (D24ϑ, D8υ).

We now want to determine the potential of H3 = dB2 using eq. (2.10). Taking into

account that iΘEA = 0, and the fact that with the plus sign in the projector (3.8) ΘγabDΘ =

εabc ΘγcDΘ etc., we get

iΘH3 = 2
R

klp

(

− i

R
ebea υγabευ − 2i

R
e3ea

′

ϑγa′γ7υ − 1

R
eb

′

ea
′

Θγa′b′γ
7υ + e3 Θγ7DΘ

+iea
′

Θγa′γ7DΘ+
4

R
eb ΘγaDΘ υγabευ+

3i

R
ΘγbDΘ ΘγaDΘ υγabευ

)

. (3.25)

This gives the NS-NS two-form potential (see eq. (2.10))

B2 =
R

klp

[

− i

R
(eb + iΘγbDΘ) (ea + iΘγaDΘ)υγabευ − 2i

R
e3ea

′

ϑγa′γ7υ

− 1

R
eb

′

ea
′

Θγa′b′γ
7υ + e3 Θγ7DΘ + iea

′

Θγa′γ7DΘ

]

. (3.26)

Now we turn our attention to the RR four-form F4 (2.9) and its potential A3 (2.11).

F4 simplifies to

F4 = − 1

klp
e−2φ E3EcEbEa εabc −

i

2
e−φEBEAEβEα(ΓAB)αβ , (3.27)

which gives

iΘF4 = −i
(

R

klp

)1/4

e−φEBEA

(

EΓABΘ +
i

R
EΓABγaΓ11Θ υγaευ

)

= −i(eb + iΘγbDΘ)(ea + iΘγaDΘ)

(

1 +
12

R2
(υυ)2

)(

DΘγabΘ +
4i

R2
ecεabc (υυ)2

)

+
4i

R
e3(ea + iΘγaDΘ)DΘγ7Θ υγaευ − 4

R
ea

′

(ea + iΘγaDΘ)DΘγa′γ7Θ υγaευ

– 10 –



J
H
E
P
0
8
(
2
0
0
9
)
0
6
0

+ 2e3ea
′

(

DΘγa′Θ +
4i

R2
(ea + iΘγaDΘ)υγaγa′ϑυυ

)

− ieb
′

ea
′

(

DΘγa′b′Θ +
4i

R2
(ea + iΘγaDΘ)υγaγa′b′ϑυυ

)

. (3.28)

Since iΘA1 = 0 the RR three-form potential (2.11) becomes

A3 = a3 +

∫ 1

0
dt(iΘF4 + A1iΘH3)(x, y, tΘ)

= a3 −
i

2
ebeaDΘγabΘ + e3ea

′

DΘγa′Θ − i

2
eb

′

ea
′

DΘγa′b′Θ +
1

2
ebΘγaDΘDΘγabΘ

+
i

6
ΘγbDΘ ΘγaDΘDΘγabΘ + k lpA(y)B2 . (3.29)

Looking at the purely bosonic part of F4, eq. (3.27) it is easy to see (compare also with

eqs. (3.3)) that we can take

a3 =
1

3!
ecebea εabc . (3.30)

Note that in the above expressions for the supervielbeins (3.19), the RR one-form (3.20), the

three-form (3.29) and the NS-NS two-form (3.26) the maximum order of the fermions is six.

3.2 AdS4 × CP 3 supergeometry with Θ = 1
2(1 − γ)Θ

When the condition (3.8) is chosen with the lower sign, in view of eqs. (3.12)–(3.18) and

expressions given in appendix C, the supervielbeins (2.6) and the RR one-form gauge super-

field (2.8) reduce to a form which is more complicated than their gauge-fixed counterparts

of the previous Subsection. But, as we have already mentioned, one cannot use the gauge

fixing condition of Subsection 3.1 to describe the D2-brane at the Minkowski boundary of

AdS4, and should impose Θ = 1
2(1 − γ)Θ instead. In this case the supervielbeins take the

following form

Ea′

(x, y, ϑ, υ) =

(

R

klp

)1/2(

ea
′

(y) − 2

R
ea(x)Θγa′

γaΘ

)(

1 − 3

R2
(υυ)2

)

,

Ea(x, y, ϑ, υ) =

(

R

klp

)1/2(

ea(x) + iΘγaDΘ +
1

R2
ea(x)(ϑϑ − υυ)2

)

×
(

1 − 1

R2
(υυ)2

)

,

E3(x, y, ϑ, υ) =

(

R

klp

)1/2

e3(x)

(

1 − 3

R2
(υυ)2

)

,

Eαi(x, y, ϑ, υ) =

(

R

klp

)1/4(

(D8υ)
αi − 1

R
υγaευ (D8υεγaγ5)

αi

− 4i

R2
(ea(x) + iΘγaDΘ+

1

R2
ea(x)(ϑϑ−υυ)2)(γaυ)

αi υυ

)

,

Eαa′

(x, y, ϑ, υ) =

(

R

klp

)1/4(

(D24ϑ)αa′

+
i

R
(D24ϑγaγ

5γ7)αa′

υγaευ

)

.

(3.31)
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The type IIA RR one-form gauge superfield is

A1(x, y, ϑ, υ)=klp

(

A(y)− 2

R2
ea(x)Θγ7γaΘ− 2i

R2
(ea(x)+iΘγaDΘ+

1

R2
ea(x)(ϑϑ)2)υεγaυ

)

.

(3.32)

In the above expressions

DΘ = (D8υ ,D24ϑ) ,

D8υ =

(

D − 2i

R2
υυ ea γa + 2A(x, y, ϑ) ε

)

υ (3.33)

=

(

d+
2i

R
ea(γ5γa +

1

R
(ϑϑ− υυ)γa) +

1

R
e3

−1

4
ωabγab + (2A(y) − 4

R2
eaϑγ7γaϑ)ε

)

υ,

D24ϑ = P6

(

d+
2i

R
ea(γ5γa +

1

R
(ϑϑ− υυ)γa) +

1

R
e3 (3.34)

+
i

R
ea

′

γa′ − 1

4
ωabγab −

1

4
ωa′b′γa′b′

)

ϑ .

(The shift of D by − 2i
R2υυ e

a γa has been made for the expressions to have a nicer and more

covariant-looking form).

The NS-NS three-form, eq. (2.9), becomes

H3 = − 6i

R2
e3EbEa εabc υγ

cευ − iEAEβEα(ΓAΓ11)αβ + iEBEAEα(ΓABΓ11λ)α . (3.35)

We now would like to determine its potential according to eq. (2.10). Using the fact that

iΘEα =

(

R

klp

)1/4

(Θα +
i

R
υγaευ (ΘΓaΓ11)

α) (3.36)

and iΘEA = 0 we get

iΘH3 =
R

klp

(

− 2

R

(

eb+iΘγbDΘ+
1

R2
eb(ϑϑ−υυ)2

)(

ea+iΘγaDΘ+
1

R2
ea(ϑϑ−υυ)2

)

υγabγ
7υ

+
4

R

(

ea + iΘγaDΘ +
1

R2
ea(ϑϑ− υυ)2

)

DΘγbaΘ υγbευ +
8

R2
e3eaϑϑυγaευ

+
4

R

(

ea + iΘγaDΘ +
1

R2
ea(ϑϑ− υυ)2

)

ebΘγbaγ
7Θ + 2e3DΘγ7Θ

− 2i

(

ea
′ − 2

R
ea Θγa′

γaΘ

)

DΘγa′γ7Θ +
4i

R
e3
(

ea
′ − 2

R
ec Θγa′

γcΘ

)

ϑγa′γ7υ

− 2

R

(

eb
′ − 2

R
eb Θγb′γbΘ

)(

ea
′ − 2

R
ec Θγa′

γcΘ

)

Θγa′b′γ
7υ

+
8i

R2

(

ea
′ − 2

R
ec Θγa′

γcΘ

)

eaΘγa′γabΘ υγbευ

)

(3.37)
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and finally

B2 =
R

klp

(

i

R

(

eb + iΘγbDΘ +
1

R2
eb(ϑϑ)2

)(

ea + iΘγaDΘ +
1

R2
ea(ϑϑ)2

)

εabc υγ
cευ

+
2

R

(

ea +
i

2
ΘγaDΘ +

1

3R2
ea(ϑϑ− υυ)2

)

eb εabc Θγcγ7Θ

+
2i

R
e3
(

ea
′ − 1

R
ea Θγa′

γaΘ

)

ϑγa′γ7υ

− 1

R

(

eb
′ − 1

R
eb Θγb′γbΘ

)(

ea
′ − 1

R
ea Θγa′

γaΘ

)

Θγa′b′γ
7υ

− 1

3R3
eb Θγb′γbΘ ec Θγa′

γcΘ Θγa′b′γ
7υ

− e3 Θγ7DΘ +
i

R2
e3ea

(

ϑγ7γaϑ− υγaγ
7υ

)

ΘΘ

+ i

(

ea
′ − 1

R
ea Θγa′

γaΘ

)

Θγa′γ7DΘ

+
2i

R2

(

ea
′ − 4

3R
ec Θγa′

γcΘ

)

ea εabc Θγa′γbΘ υγcευ

+
2

R2

(

ea
′ − 2

3R
eb Θγa′

γbΘ

)

ea ϑγ7γaϑϑγa′υ

+
1

R2

(

ea
′ − 2

3R
eb Θγa′

γbΘ

)

ea Θγa′γ7γaΘ (ϑϑ− υυ)

− 2

3R3
ebea εabc Θγcγ7Θ ((ϑϑ)2 − (υυ)2)

+
4i

3R3
ebed ϑγdγ

7ϑϑγaγ7ϑ εabc υγ
cευ

)

. (3.38)

Note that the maximum order of the fermions in the above expressions is ten.

Using the form of F4 in (2.9) as well as the expressions (3.32) for A1 and (3.37) for

iΘH3 the quantity relevant for computing the RR three-form potential A3 becomes

iΘF4 + A1iΘH3

= −
(

eb + iΘγbDΘ +
1

R2
eb(ϑϑ− υυ)2

)(

ea + iΘγaDΘ +
1

R2
ea(ϑϑ− υυ)2

)

εabciΘγ
cDΘ

− 2e3
(

ea
′ − 2

R
ea Θγa′

γaΘ

)

DΘγa′Θ − 4

R
e3eaΘγaDΘ ΘΘ

(

1 +
2

R2
(υυ)2

)

(3.39)

− 4

R

(

ea
′− 2

R
ec Θγa′

γcΘ

)

ea
(

eb+iΘγbDΘ+
1

R2
eb(ϑϑ−υυ)2

)

Θγa′γabΘ

(

1+
2

R2
(υυ)2

)

− i

(

eb
′− 2

R
eb Θγb′γbΘ

)(

ea
′− 2

R
ea Θγa′

γaΘ

)

DΘγa′b′Θ+klp

(

A(y)− 2

R2
ea Θγ7γaΘ

)

iΘH3 .

One can now substitute this together with the expression for iΘH3 (3.37) into eq. (2.11)

and compute the explicit form of the RR three-form potential A3 in this gauge. Since we

have not got a reasonably simple expression for A3 we shall not present it here.
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4 Applications

We can now use the kappa-gauge fixed form of the AdS4 × CP 3 superbackground of Sub-

sections 3.1 and 3.2 to simplify the actions for the type IIA superstring and D-branes. Let

us note that the gauge fixing conditions (3.8) can also be used to simplify the actions for

the D = 11 superparticle, M2- and M5-branes in the AdS4×S7/Zk superbackground (2.4).

We shall consider the example of the D = 11 superparticle below.

4.1 D = 11 superparticle

Let us consider a massless superparticle in the AdS4 × S7/Zk supergravity background.

Recall that when k = 1, 2, the supergravity background preserves the maximum num-

ber of 32 supersymmetries, while for k > 2 it preserves only 24. The superparticle ac-

tion in the complete superspace with 32 Θ is constructed using the supervielbeins of the

OSp(8|4)/SO(7) × SO(1, 3) × Zk supercoset derived in [4]

Eâ = Eâ(x, y, ϑ) + 4iυγâ sinh2 M/2

M2
Dυ +

R

k
dz E7

â(υ)

Ea′

= Ea′

(x, y, ϑ) + 2iυ
sinhm

m
γa′

γ5E(x, y, ϑ)

E7 =
R

k
dz Φ(υ) +R

(

A(x, y, ϑ) − 4

R
υ εγ5 sinh2 M/2

M2
Dυ

)

Eαi =

(

sinhM
M (Dυ − 2

k
dz ευ)

)αi

Eαa′

= Eαa′

(x, y, ϑ) − 8

R
Eβa′

(

γ5 υ
sinh2m/2

m2

)

βi

υαi ,

(4.1)

where z is the 7th, U(1) fiber, coordinate of S7, Dυ has been given in (2.7) and the eight

fermionic coordinates υαi correspond to the eight supersymmetries broken by orbifolding

with k > 2.

The explicit form of the fermionic supervielbeins in (4.1) and of the connections

on OSp(8|4)/SO(7) × SO(1, 3) × Zk are not required for the construction of the Brink-

Schwarz superparticle action but one needs them for the construction of the pure-spinor

superparticle action in curved superbackgrounds, so we present also the form of the

spin-connection below.

The SO(1, 3) connection is

Ωâb̂ = Ωâb̂(x, y, ϑ) +
8

R
υγâb̂γ5 sinh2 M/2

M2

(

Dυ − 2

k
dz ευ

)

(4.2)

and the SO(7) connection is

Ωa′b′ = Ωa′b′(x, y, ϑ) − 1

R
E7 Ja′b′ − 2

R
υ

sinhm

m
γa′b′γ5E , (4.3)

Ωa′7 =
1

R

(

Eb′ − 4iυ
sinhm

m
γb′γ5E

)

Jb′
a′

.
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The functions and forms appearing in (4.1)–(4.3) are defined in appendix B.

The first order form of the action for the massless superparticle in the

OSp(8|4)/SO(7) × SO(1, 3) × Zk superbackground is

S =

∫

dτ
(

PA E
A
τ +

e

2
PAPB η

AB
)

, (4.4)

where PA (A = 0, 1, . . . , 10) is the particle momentum, e(τ) is the Lagrange multiplier

which ensures the mass shell condition P 2 = 0 and

EA
τ = ∂τZ

MEM
A , ZM = (x, y, z, ϑ, υ)

is the pullback to the worldline of the supervielbeins (4.1). The action is invariant under

local worldline diffeomorphisms and under the fermionic kappa-symmetry transformations

δZMEM
α = PA (ΓA κ)

α , δZMEM
A = 0 , (4.5)

δe = −4iEα
τ κα , δPA = δZM ΩMA

B PB . (4.6)

Inserting in the action the expressions for the vielbeins (4.1), we get

S =

∫

dτ

[

Pâ

(

Eâ
τ + 4iυγâ sinh2 M/2

M2
Dτυ − 8iυγâ sinh2 M/2

M2
ευ

∂τz

k

)

+Pa′

(

Ea′

τ + 2iυ
sinhm

m
γa′

γ5Eτ

)

(4.7)

+P7

(

R

(

∂τz

k
+A

)

− 4υεγ5 sinh2 M/2

M2

(

Dτυ − 2ευ
∂τz

k

))

+
e

2
PAPB η

AB

]

.

The action (4.7) can be simplified by eliminating some or all pure-gauge fermionic

modes using the kappa-symmetry transformations (4.5). For instance, when the momentum

of the particle is non-zero along a CP 3 direction inside S7, the projectors P6 and P2, defined

in eqs. (A.11) and (A.14), do not commute with the kappa-symmetry projector (4.5) and

one can use e.g. the 16 kappa-symmetry transformations to eliminate 16 of the 24 ϑ. After

such a gauge fixing the action will contain 8 remaining ϑ and 8 υ.

Alternatively, by partially gauge fixing the kappa-symmetry one can eliminate all eight

υ keeping 24 ϑ. In the latter case the action reduces to the form in which it describes the

dynamics of a superparticle in a superspace with 11 bosonic coordinates and 24 fermionic

ones. This superspace has been introduced in [4] as a Hopf fibration of the supercoset

OSp(6|4)/U(3) × SO(1, 3). It is the supercoset

OSp(6|4) × U(1)

U(3) × SO(1, 3) × Zk
. (4.8)

The geometry of (4.8) is described by the supervielbeins

Êâ = Eâ(x, y, ϑ) ,

Êa′

= Ea′

(x, y, ϑ) , (4.9)
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Ê7 = R

(

dz

k
+A(x, y, ϑ)

)

,

Êαa′

= Eαa′

(x, y, ϑ) ,

where (as already mentioned) the explicit form of the right-hand sides of (4.9) are

given in (B.1). Notice that now z appears only in the vielbein Ê7 along the U(1)-fiber

direction of S7.

The first order form of the superparticle action in the superspace (4.9) is

S =

∫

dτ
(

Pâ Ê
â
τ + Pa′ Êa′

τ + P7 Ê
7
τ +

e

2
PAPB η

AB
)

=

∫

dτ

(

PâE
â
τ + Pa′ Ea′

τ + P7R

(

∂τz

k
+Aτ

)

+
e

2
PAPB η

AB

)

, (4.10)

where now

ÊA
τ = ∂τZ

M ÊM
A + ∂τ z Êz

A , ZM = (x, y, ϑ)

is the pullback to the worldline of the supervielbeins (4.9).

It is easy to reduce the action (4.10) to D = 10. Once it is done, one obtains the action

for a D0-brane moving in the supercoset OSp(6|4)/U(3) × SO(1, 3).

As we have mentioned above, the action (4.10) describes a superparticle which has

a non-zero momentum along the CP 3 base of the S7 bundle. This is required by the

consistency of the kappa-symmetry gauge fixing condition υ = 0. To describe other possible

classical motions of the superparticle, e.g. when P a′

= 0, one should chose a different

kappa-symmetry gauge.

For instance, if the superparticle has a non-zero spacial momentum along the 7th,

fiber direction, of S7, one can use the gauge fixing condition corresponding to that of

Subsection 3.1. In this case, in virtue of the gauge-fixed expressions of appendix C, the

action (4.7) simplifies to

S =

∫

dτ

[

Pa

(

eaτ (x) + iϑγaDτϑ+ iυγaDτυ − 2iυγaευ
∂τz

k

)

+Pa′ ea
′

τ (y) + P3 e
3
τ (x) + P7R

(

∂τz

k
+Aτ (y)

)

+
e

2
PAPB η

AB

]

. (4.11)

The dimensional reduction of the D = 11 superparticle action (4.11) along z results in the

kappa-symmetry gauge-fixed action which describes an arbitrary motion of the type IIA

D0-brane in AdS4 × CP 3 superspace.

Before considering the D0-brane, let us note that the action (4.7) is the most appro-

priate starting point for the construction of the pure-spinor formulation of the D = 11

superparticle in the AdS4 × CP 3 supergravity background. The pure-spinor condition

λΓAλ = 0 in D = 11 implies that the 32-component bosonic pure spinor λα has 23 inde-

pendent components [37, 38]. This counting ensures the correct number of bosonic and

fermionic degrees of freedom.

In the cases of the actions (4.10) and (4.11) that describe a particle motion in the

reduced superspaces, one can also develop pure-spinor formulations in which the pure
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spinor λ, in addition, is subject to the same constraint as the one imposed on Θ by kappa-

symmetry gauge fixing, e.g. P2λ = 0 in the case υ = P2Θ = 0. This guarantees the correct

counting of the degrees of freedom in the pure-spinor formulation (similar to the cases

considered in [11, 12]). That is, the difference between the bosonic and fermionic degrees

of freedom remains the same. Indeed, in the case of the pure-spinor formulation of the

massless D = 11 superparticle [37] there are 11 bosonic XA plus 23 pure spinor degrees

of freedom and 32 fermionic Θ, while in the above example of the reduced pure spinor

formulation the pure spinor effectively contains 23 − 8 = 15 degrees of freedom against 24

fermionic ones, while the number of X remains the same.

When the pure spinor formulations of the superparticle in reduced superspaces cor-

respond to the kappa-gauge fixed versions of the Brink-Schwarz superparticle whose con-

sistency is limited to particular subsectors of the classical configuration space of the full

theory, one may expect that the former will also describe only subsectors of the pure-spinor

superparticle model formulated in the complete superspace with 32 fermionic coordinates.

As in the case of the pure-spinor type IIA superstring in AdS4 ×CP 3 [11, 12], these issues

require additional analysis.

4.2 D0-brane

To obtain the action for theD0-brane by dimensional reduction of theD = 11 superparticle

action, one should first perform the appropriate Lorentz transformation of the D = 11

supervielbeins (as was explained in [4]) and make a corresponding redefinition of the particle

momentum. We shall not perform this dimensional reduction procedure since the result

is well known. The D0-brane action has the following first order form in the type IIA

superbackground in the string frame (see eqs. (2.6) and (2.8))

S =

∫

dτe−φ
(

PAEA
τ +

e

2
(PAPBη

AB +m2)
)

+m

∫

A1 , (4.12)

where m is the mass of the particle and the second term describes its coupling to the RR

one-form potential A1.

Integrating out the momenta PA and the auxiliary field e(τ) we arrive at the action

S = −m
∫

dτe−φ
√

−EA
τ EB

τ ηAB +m

∫

A1 . (4.13)

The action (4.13) is invariant under worldline diffeomorphisms and the kappa-symmetry

transformations (to verify the kappa-symmetry one needs the superspace constraints on

the torsion TA and on F2 given in appendix A.4)

δκZ
ME α

M =
1

2
(1 + Γ)αβ κ

β(τ) , α = 1, . . . , 32 , ZM = (x, y, ϑ, υ) (4.14)

δκZ
ME A

M = 0 , A = 0, 1, . . . , 9

where

Γ =
1

√

−E2
τ

E A
τ ΓAΓ11 , Γ2 = 1 . (4.15)

– 17 –



J
H
E
P
0
8
(
2
0
0
9
)
0
6
0

Comparing the form of the kappa-symmetry projector matrix (4.15) with the kappa-

symmetry gauge fixing condition of Subsection 3.1, we see that γ = Γ0Γ1Γ2 (introduced

in eq. (3.9)) does not commute with Γ in (4.15) provided that the energy P 0 ∼ E0
τ of the

massive particle is nonzero, which is always the case. Thus to simplify, e.g. the first order

action (4.12) we can use the gauge fixed form of the supervielbeins and the RR one-form of

Subsection 3.1. The action takes the following explicit form, with an appropriately rescaled

Lagrange multiplier e(τ),

S =

(

R

klp

)−1 ∫

dτ

[

(

Pa′ea
′

τ (y) + P3 e
3
τ (x)

)

(

1 +
6

R2
(υυ)2

)

+ Pa (eaτ (x) + iΘγaDτΘ)

(

1 +
8

R2
(υυ)2

)

+
e(τ)

2
(PAPBη

AB +m2)

]

+mklp

∫ (

A(y) − 2i

R2
(ea(x) + iΘγaDΘ)υεγaυ

)

. (4.16)

This action contains fermionic terms up to the 6th order in Θ = (ϑ, υ).

4.3 The fundamental string

In this section we use the geometry discussed above to construct the Green-Schwarz model

for the fundamental string. We will first review the form of the superstring sigma model

without gauge fixing and then impose the gauge fixing of the kappa-symmetry. This will

provide a calculable sigma model.

The action for the Green-Schwarz superstring has the following form

S = − 1

4πα′

∫

d2ξ
√
−hhIJ EA

I EB
J ηAB − 1

2πα′

∫

B2 , (4.17)

where ξI (I, J = 0, 1) are the worldsheet coordinates, hIJ(ξ) is a worldsheet metric and B2

is the pull-back to the worldsheet of the NS-NS 2-form.

The kappa-symmetry transformations which leave the superstring action (4.17) invari-

ant are

δκZ
M EMα =

1

2
(1 + Γ)

α
β κ

β(ξ), α = 1, . . . , 32 (4.18)

δκZ
M EMA = 0, A = 0, 1, . . . , 9 (4.19)

where κα(ξ) is a 32-component spinor parameter, 1
2(1 + Γ)

α
β is a spinor projection matrix

with

Γ =
1

2
√− det gIJ

ǫIJ EI
A EJ

B ΓAB Γ11, Γ2 = 1 , (4.20)

and the auxiliary worldsheet metric hIJ transforms as follows

δκ (
√
−hhIJ) (4.21)

= 2i
√
−h (hIJ gKL − 2hK(I gJ)L)

(

δκZ
M EM ΓA EK EA

L +
1

2
gKLδκZ

M EMαiλαi

)
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−2i
√
−h hIK′

gK ′L′hL′J − 1
2h

IJ hK ′L′

gK ′L′

1
2 h

K ′L′ gK ′L′ +
√

g
h

gKL

×
(

δκZ
M EM ΓA EK EA

L +
1

2
gKLδκZ

M EMαiλαi

)

where

gIJ(ξ) = EI
A EJ

B ηAB , gIJ ≡ (gIJ )−1 (4.22)

is the induced metric on the worldsheet of the string that on the mass shell coincides with

the auxiliary metric hIJ (ξ) modulo a conformal factor. Finally, g = det gIJ and h = dethIJ .

Using the identity

hIJ gJK hKL gLI −
1

2
(hIJ gIJ)2 ≡ 1

2
(hIJ gIJ)2 − 2

g

h
(4.23)

one can check that eq. (4.21) multiplied by gIJ results in

δκ (
√
−hhIJ) gIJ = 4i(

√−g gKL −
√
−hhKL) δκZ

M EMα

(

ΓA EK EA
L +

1

2
gKLλ

)

α

, (4.24)

which together with the variation (4.18) and (4.19) of the superspace coordinates insures

the invariance of the action (4.17).

Comparing the form of the kappa-symmetry projector (4.18) with the kappa-symmetry

gauge fixing condition of Subsection 3.1 we see that this gauge choice is admissible when the

string moves in such a way that the projection of its worldsheet on the 3d subspace along

the directions ea (a = 0, 1, 2) of the target space is a non-degenerate two-dimensional time-

like surface. Thus, it can be used to analyze the string dynamics in the sector which is not

reachable by the supercoset model of [9–11]. The latter is obtained from the action (4.17) by

gauge fixing to zero the eight fermions υ, which is only possible when the string worldsheet

extends in the CP 3 directions.

In the gauge of Subsection 3.1 we insert into the action (4.17) the expressions (3.19)

and (3.26) for the supervielbeins and B2. This results in an action that contains fermionic

terms only up to the 8th order in Θ = (ϑ, υ)4

S = − 1

4πα′

R

klp

∫

d2ξ
√
−hhIJ

[

(

ea
′

I e
b′
J δa′b′ + e3Ie

3
J

)

(

1 − 6

R2
(υυ)2

)

(4.25)

+ (eaI +iΘγaDIΘ) (ebJ +iΘγbDJΘ) ηab

(

1− 2

R2
(υυ)2

)]

− 1

2πα′

R

klp

∫ [

e3 Θγ7DΘ + iea
′

Θγa′γ7DΘ − 2i

R
e3ea

′

ϑγa′γ7υ − 1

R
eb

′

ea
′

Θγa′b′γ
7υ

− i

R
(eb + iΘγbDΘ) (ea + iΘγaDΘ)υγab ευ

]

.

4The factor in front of the action is unconventional due to our normalization of the vielbeins, which

comes from the dimensional reduction of the eleven-dimensional geometry. More conventional, unit radius

string frame vielbeins (êâ, êa′

) can be introduced by the following rescaling

(eâ
, e

a′

) =

„

R

klp

«

−1/2 „

R

2
ê

â
, R ê

a′

«

.

Then the factor in front of the action becomes R2

4πα′
=

(R/lp)3

4πk
.
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To avoid possible confusion, let us remind the reader that in eqs. (4.25)–(4.29) the

covariant derivative DΘ ≡ (D8υ, D24ϑ) is defined in eqs. (3.21). Actually, in (4.25) the

vielbein e3 does not contribute to the covariant derivative and the connection ωab is zero

along the 3d Minkowski boundary of AdS4, for the vielbeins chosen as in eqs. (3.5). It

is not hard to check that the action (4.25) is invariant under twelve ‘linearly realized’

supersymmetry transformations

δϑ = ǫ, δea = −iǫ γaD24ϑ

with parameters ǫ = 1
2 (1 + γ) ǫ being CP 3 Killing spinors

D24ǫ = P6

(

d− 1

R
e3 +

i

R
ea

′

γa′ − 1

4
ωabγab −

1

4
ωa′b′γa′b′

)

ǫ = 0 .

The other twelve supersymmetries of the OSp(6|4) isometries of (4.25) are non-linearly re-

alized on the worldsheet fields and include compensating kappa-symmetry transformations

required to maintain the gauge ϑ = 1
2 (1 + γ)ϑ.

The action (4.25) is slightly more complicated than the action for the AdS5 × S5

superstring in the analogous kappa-symmetry gauge [15–17], that contains fermions only

up to the fourth order, since AdS4 × CP 3 is less supersymmetric than AdS5 × S5. The

action (4.25) takes a form similar to that of [15–17] when we formally put the broken

supersymmetry fermions υαi to zero.

As in the case of the string in AdS5 × S5 it is possible to simplify the action further

by performing a T-duality transformation on the worldsheet [17]. Following [17] we first

rewrite the part of the action (4.25) containing the vielbeins ea in the first order form

S1 =
1

2πα′

R

klp

∫

d2ξ (4.26)

×
[

P I
a (eaI + iΘγaDIΘ) +

1 − 6
R2 (υυ)2

2
√
−h

P I
a P

J
b hIJ η

ab − i

R

εIJ

−h P
I
a P

J
b υγ

abευ

]

.

The equations of motion for the momenta P I
a imply that

P I
a = −

√
−h
(

1 − 2

R2
(υυ)2

)(

hIJηab +
2i

R
√
−h

εIJ υγabευ

)

(ebJ + iΘγbDJΘ) . (4.27)

Using the explicit form of the AdS4 vielbeins given in eq. (3.5) and varying the first order

action (4.26) with respect to xa we find that P I
a is proportional to the conserved current

associated with translations along xa

∂I

(

r2

R2
P I

a

)

= 0 ⇒ P I
a =

R2

r2
εIJ∂J x̃a ≡ εIJ ẽJa . (4.28)

If we now substitute eq. (4.28) into (4.26) the T-dualized version of the action (4.25) for

the string in AdS4 × CP 3 takes the form

S = − 1

4πα′

R

klp

∫

d2ξ
√
−hhIJ

(

ẽaI ẽ
b
J ηab + e3Ie

3
J + ea

′

I e
b′

J δa′b′

)

(

1 − 6

R2
(υυ)2

)

(4.29)
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− 1

2πα′

R

klp

∫
[

e3 Θγ7DΘ + iea
′

Θγa′γ7DΘ − 2i

R
e3ea

′

ϑγa′γ7υ − 1

R
eb

′

ea
′

Θγa′b′γ
7υ

+ iẽa ΘγaDΘ − i

R
ẽa ẽb υγabευ

]

.

Note that in the T-dualized action the fermionic kinetic terms appear only in the

Wess-Zumino term and that there are now terms of at most fourth order in fermions. Note

also that the first (induced metric) term of (4.29) acquires a common factor (1− 6
R2 (υυ)2)

in contrast to the corresponding terms in the original action (4.25).

To preserve the conformal invariance of the dual action at the quantum level one should

add to it a dilaton term
∫

R(2) φ̃ (where R(2) is the worldsheet curvature), which is induced

by the functional integration of P I
a when passing to the dual action (see [17, 39, 40] for de-

tails). Here we should point out that in our case the original AdS4×CP 3 superbackground

already has a non-trivial dilaton which depends on υ (see eqs. (2.12) and (3.15)).

The following comment is now in order. As in the AdS5×S5 case [17, 22, 24], upon the

T-duality along the three translational directions xa of AdS4 the purely bosonic (classically

integrable) AdS4×CP 3 sector of the type IIA superstring sigma model maps into an equiv-

alent sigma model on a dual AdS4 space, both models sharing the same integrable struc-

ture [22]. The situation with the fermionic sector of theAdS4×CP 3 superstring is, however,

different due to the fact that there is less supersymmetry than in the AdS5 × S5 case.

In the case of the AdS5 × S5 superstring sigma model, one can accompany the above

bosonic T-duality transformation by a fermionic one along fermionic directions in (com-

plexified) superspace which have translational isometries [23, 24]. This compensates the

dilaton term generated by the bosonic T-duality and maps the AdS5×S5 superstring action

to an equivalent (dual) one, which is also integrable.5 However, in the AdS4 × CP 3 case

under consideration the fermionic directions in superspace parametrized by υ do not have

translational isometries, since the action (4.25) or (4.29) has υ-dependent fermionic terms

which do not contain worldsheet derivatives. This just reflects the fact that the fermionic

modes υ correspond to the broken supersymmetries of the superbackground.

As far as the T-dualization of the supersymmetric fermionic modes ϑ is concerned,

it might be, in principle, possible (at least in the absence of υ) if, as in the case of the

SU(2, 2|4) superstring sigma model [23, 24], there existed a realization of the OSp(6|4)
superalgebra in which 12 of the 24 (complex conjugate) supersymmetry generators squared

to zero and formed a representation of the bosonic subalgebra of OSp(6|4). In other words

the possibility of T-dualizing part of fermionic modes ϑ (in the absence of υ) is related to the

question of the existence of a chiral superspace representation of the superalgebra OSp(6|4).
Such a realization of OSp(6|4) seems not to exist. In fact, it has been argued in [25]

that the OSp(6|4) supercoset subsector of the Green-Schwarz superstring in AdS4 × CP 3

does not have any fermionic T-duality symmetry since in OSp(6|4) the dimension of the

representation of the supercharges under the R-symmetry is odd. The absence of the

5In [22–24] it has been shown that this duality property of the AdS5×S5 superstring is related to earlier

observed dual conformal symmetry of maximally helicity violating amplitudes of the N = 4 super-Yang-

Mills theory and to the relation between gluon scattering amplitudes and Wilson loops at strong and weak

coupling.
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fermionic T-duality of the superstring in AdS4 ×CP 3 may have interesting manifestations

in particular features of the AdS4/CFT3 holography.

The gauge-fixed actions (4.25) or (4.29) can be used for studying different aspects of

the AdS4/CFT3 correspondence and integrability on both of its sides, in particular, for

making two- and higher-loop string computations for testing the Bethe ansatz and the

S-matrix [41]–[49] in the dual planar N = 6 superconformal Chern-Simons-matter theory,

which would extend the analysis of [50]–[21, 66] and others.

4.4 D2-branes

Let us now consider the effective worldvolume theory of probe D2-branes moving in the

AdS4×CP 3 superbackground. This can be derived from the action forD-branes in a generic

type IIA superbackground [67–69] by substituting the explicit form of the AdS4 × CP 3

supergeometry (2.6)–(2.11).

The action for a D2-brane in a generic type IIA supergravity background in the string

frame has the following form

S = −T
∫

d3ξ e−φ
√

− det(gIJ + FIJ) + T

∫

(A3 + A1 F2) , (4.30)

where T is the tension of the D2-brane, φ(Z) is the dilaton superfield,

gIJ(ξ) = EI
A EJ

B ηAB I, J = 0, 1, 2; A,B = 0, 1, . . . , 9 (4.31)

is the induced metric on the D2-brane worldvolume with EI
A = ∂I Z

M EMA being the

pullbacks of the vector supervielbeins of the type IIA D = 10 superspace and

F2 = dV −B2 (4.32)

is the field strength of the worldvolume Born-Infeld gauge field VI(ξ) extended by the

pullback of the NS-NS two-form. A1 and A3 are the pullbacks of the type IIA supergravity

RR superforms (2.8) and (2.11).

Provided that the superbackground satisfies the IIA supergravity constraints, the ac-

tion (4.30) is invariant under kappa-symmetry transformations of the superstring coordi-

nates ZM(ξ) of the form (4.18), (4.19), together with

δκFIJ = −EB
J EA

I δκZ
MEMαHαAB = −4iEA

[I EJ ]ΓAΓ11δκE − 2iEB
J EA

I δκEΓABΓ11λ , (4.33)

where δκE = δκZ
MEMα.

In the case of the D2-brane the matrix Γ has the form

Γ = − 1
√

− det(g + F)
εIJK

(

1

3!
EA

I EB
J EC

KΓABC +
1

2
FIJ EA

K ΓA Γ11

)

(4.34)

= − 1

3!
√

− det(g + F)
εIJK EA

I EB
J EC

K ΓABC

(

1 +
1

2
FIJ EA

I EB
J ΓAB Γ11

)

.
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4.4.1 D2 filling AdS2 × S1 inside of AdS4

Let us consider the D2-brane configuration which corresponds to a disorder loop operator

in the ABJM theory [29]. The 1/2 BPS static solution of the equations of motion of the

D2-brane on AdS2 × S1 in the metric

ds2 =
R2

CP 3

4u2
(−dx0 dx0 + dr2 + r2dϕ2 + du2) +R2

CP 3ds
2
CP 3 , (4.35)

where

ds2CP 3 =
1

4

[

dα2 + cos2
α

2
(dϑ2

1 + sin2 ϑ1dϕ
2
1) + sin2 α

2
(dϑ2

2 + sin2 ϑ2dϕ
2
2)

+ sin2 α

2
cos2 α

2
(dχ+ cos ϑ1dϕ1 − cos ϑ2dϕ2)

2

]

,

is characterized by the following embedding of the brane worldvolume

ξ0 = x0, ξ1 = u, ξ2 = ϕ , r = a ξ1 (4.36)

which is supported by the non-zero (electric) Born-Infeld field strength

F = E
dx0 ∧ du

u2
, E =

R2
CP 3

4

√

1 + a2 , (4.37)

where a is an arbitrary constant. Note that the presence of the non-zero DBI flux on the

AdS2 subspace of the D2-brane worldvolume is required to ensure the no-force condition,

i.e. vanishing of the classical action (4.30) of this static D2-brane configuration, provided

that also an additional BI flux boundary counterterm is added to the action (see [29] for

more details). A natural explanation of this boundary term is that it appears in the process

of the dualization of the compactified 11th coordinate scalar field of the M2-brane into the

BI vector field of the D2-brane.

Note that in [29] this brane configuration was considered in a different coordinate

system, in which AdS4 is foliated with AdS2 ×S1 slices instead of the flat R1,2 slices. This

makes manifest the symmetries of the D2-brane configuration. An explicit form of the

AdS4 metric in this slicing is

ds2
AdS4

=
R2

CP 3

4
(cosh2 ψ ds2

AdS2
+ dψ2 + sinh2 ψ dϕ2) (4.38)

which is essentially a double analytic continuation of the usual global AdS4 metric. The

static D2-brane configuration is then characterized by the identification of the worldvolume

coordinates ξa with those of AdS2 and the S1 angle ϕ. However, for our choice of the kappa-

symmetry gauge fixing condition the use of the metric in the form (4.35) is more convenient,

since the associated AdS4 vielbeins

e0 =
RCP 3

2u
dx0 , e1 =

RCP 3

2u
dr , e2 =

RCP 3 r

2u
dϕ , e3 = −RCP 3

2u
du (4.39)

and the spin connection directly satisfy the relations (3.6) and (3.7).
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One can be interested in D2-brane bosonic and fermionic fluctuations around this 1/2

BPS static D2-brane solution described by the action (4.30). To simplify the form of the

fermionic terms, the kappa-symmetry gauge fixing for the D2-brane wrapping AdS2 × S1

can be made in the simplest possible way considered in Subsection 3.1. To get the gauge

fixed D2-brane action in this case one should substitute into (4.30) the expressions for the

vector supervielbeins (3.19), the RR one-form (3.20) and the three-form (3.29), and the

NS-NS two-form (3.26).

4.4.2 D2 at the Minkowski boundary of AdS4

Let us now consider the supersymmetric effective worldvolume action describing a D2-

brane placed at the Minkowski boundary of the AdS4 space. In this case it is convenient

to choose the AdS4 × CP 3 metric in the form (3.1) or (3.4).

When the D2-brane is at the Minkowski boundary, we take the static gauge ξm = xm.

The 1/2 BPS ground state of the D2-brane is when its transverse scalar modes are constant

and the Born-Infeld field and the fermionic modes are zero. As a consistency check, let us

note that with the choice of the background value of the RR 3-form (2.11) and (3.3) and

of the corresponding (positive) D2-brane charge (characterized by the plus sign in front

of the Wess-Zumino term (4.30)), the action of the ground state of the D2-brane at the

Minkowski boundary vanishes. This means that such a brane configuration is stable and

does not experience any external force, i.e. it is a BPS state.

If, on the other hand, with the same choice of A3 (2.11) and (3.3), we considered an

anti-D2-brane carrying a negative A3 charge (which would be characterized by a minus

sign in front of the Wess-Zumino term in (4.30)), the ground state of this anti-D2-brane

at the Minkowski boundary would have a non-zero action

SD2 = −2Te−φ0

∫

d 3x

(

r

RCP 3

)6

implying that such a solution is unstable (as is well known to be the case for a probe

anti-D-brane in a background of D-branes). It is, therefore, important for the consistency

of the solution to take care that the relative signs of the RR potential A3 and the D2-brane

charge (and, as a consequence, the sign of the kappa-symmetry projector) ensure the no-

force condition, i.e. vanishing of the static D2-brane action. In the case of M2, M5 and

D3-branes at the Minkowski boundary of AdS this issue was discussed in detail in [19].

For the static D2-brane configuration the kappa-symmetry projector (4.34) reduces to

P =
1

2
(1 + γ), γ = γ0γ1γ2 = −γ0γ1γ2 (4.40)

So the natural choice of the kappa-symmetry gauge fixing condition is

Θ =
1

2
(1 − γ)Θ , (4.41)

i.e. the gauge choice considered in detail in Subsection 3.2. Note that in the case of the

D2-brane at the Minkowski boundary we cannot use the simpler condition Θ = 1
2(1 + γ)Θ

of Subsection 3.1, because the kappa-symmetry projector (4.40) has the same sign.
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Plugging the kappa-symmetry gauge-fixed quantities of Subsection 3.2 into the ac-

tion (4.30), one can study the properties of the OSp(6|4) invariant effective 3d gauge-matter

field theory on the worldvolume of the D2-brane placed at the Minkowski boundary of

AdS4, which from the point of view of M-theory corresponds to an M2-brane pulled out

to a finite distance from a stack of M2-branes probing R8/Zk.

The effective theory on the worldvolume of this D2-brane, which describes its fluctua-

tions in AdS4 × CP 3, is an interacting d = 3 gauge Born-Infeld-matter theory possessing

the (spontaneously broken) superconformal symmetry OSp(6|4). The model is supercon-

formally invariant in spite of the presence on the d = 3 worldvolume of the dynamical

Abelian vector field, since the latter is coupled to the 3d dilaton field associated with the

radial direction of AdS4. The superconformal invariance is spontaneously broken by a non-

zero expectation value of the dilaton. An N = 3 superfield model with similar symmetry

properties was considered in the appendix of [70]. To establish the explicit relation be-

tween the two models one should extract from the superfield action of [70] the component

terms describing its physical sector and compare the result with corresponding terms in

the D2-brane action.

5 Conclusion

In this paper we have considered the gauge-fixing of kappa-symmetry of the superparticle,

superstring and D2-brane actions in the complete AdS4×CP 3 superspace which is suitable,

in particular, for studying regions of these theories that are not reachable by partially

kappa-symmetry gauge fixed models based on the supercoset OSp(6|4)/U(3) × SO(1, 3).

The simplified form of these actions can be used to approach various problems of the

AdS4/CFT3 correspondence. The gauge fixed form of the AdS4 ×CP 3 supergeometry can

also be used to consider the actions for higher dimensional D4-, D6- and D8-branes.
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A Main notation and conventions

The convention for the ten and eleven dimensional metrics is the ‘almost plus’ signature

(−,+, . . . ,+). Generically, the tangent space vector indices are labeled by letters from the
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beginning of the Latin alphabet, while letters from the middle of the Latin alphabet stand

for curved (world) indices. The spinor indices are labeled by Greek letters.

A.1 AdS4 space

AdS4 is parametrized by the coordinates xm̂ and its vielbeins are eâ = dxm̂ em̂
â(x), m̂ =

0, 1, 2, 3; â = 0, 1, 2, 3. The D = 4 gamma-matrices satisfy:

{γâ, γ b̂} = 2 ηâb̂ , ηâb̂ = diag (−,+,+,+) , (A.1)

γ5 = iγ0 γ1 γ2 γ3, γ5 γ5 = 1 . (A.2)

The charge conjugation matrix C is antisymmetric, the matrices (γâ)αβ ≡ (C γâ)αβ and

(γâb̂)αβ ≡ (C γâb̂)αβ are symmetric and γ5
αβ ≡ (Cγ5)αβ is antisymmetric, with α, β =

1, 2, 3, 4 being the indices of a 4-dimensional spinor representation of SO(1, 3) or SO(2, 3).

A.2 CP 3 space

CP 3 is parametrized by the coordinates ym′

and its vielbeins are ea
′

= dym′

em′
a′

(y),

m′ = 1, . . . , 6; a′ = 1, . . . , 6. The D = 6 gamma-matrices satisfy:

{γa′

, γb′} = 2 δa′b′ , δa′b′ = diag (+,+,+,+,+,+) , (A.3)

γ7 =
i

6!
ǫ a′

1a′

2a′

3a′

4a′

5a′

6
γa′

1 · · · γa′

6 γ7 γ7 = 1 . (A.4)

The charge conjugation matrix C ′ is symmetric and the matrices (γa′

)α′β′ ≡ (C γa′

)α′β′

and (γa′b′)α′β′ ≡ (C ′ γa′b′)α′β′ are antisymmetric, with α′, β′ = 1, . . . , 8 being the indices of

an 8-dimensional spinor representation of SO(6).

A.3 Type IIA AdS4 × CP 3 superspace

The type IIA superspace whose bosonic body is AdS4×CP 3 is parametrized by 10 bosonic

coordinates XM = (xm̂, ym′

) and 32-fermionic coordinates Θµ = (Θµµ′

) (µ = 1, 2, 3, 4; µ′ =

1, . . . , 8). These combine into the superspace supercoordinates ZM = (xm̂, ym′

, Θµµ′

). The

type IIA supervielbeins are

EA = dZM EMA(Z) = (EA, Eα) , EA(Z) = (E â, Ea′

) , Eα(Z) = Eαα′

. (A.5)

A.4 Superspace constraints

In our conventions the superspace constraint on the bosonic part of the torsion is

TA = −iEΓAE + iEA Eλ+
1

3
EA EB∇Bφ , (A.6)

while the constraints on the RR and NS-NS field strengths are

F2 = −i e−φ EΓ11E + 2i e−φ EA EΓAΓ11λ+
1

2
EBEA FAB , (A.7)

F4 = − i

2
e−φ EBEA EΓABE +

1

4!
EDECEBEA FABCD , (A.8)

H3 = −iEA EΓAΓ11E + iEBEA EΓABΓ11λ+
1

3!
ECEBEAHABC . (A.9)
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These differ from the conventional string frame constraints by the λ-term in TA and related

terms in F2, F4 and H3. This is a consequence of the dimensional reduction from eleven

dimensions. They can be brought to a more conventional form by shifting the fermionic

supervielbein Eα by −1
2EA(ΓAλ)α accompanied by a related shift in the connection.

The D = 10 gamma-matrices ΓA are given by

{ΓA, ΓB} = 2ηAB , ΓA = (Γâ, Γa′

) , (A.10)

Γâ = γâ ⊗ 1, Γa′

= γ5 ⊗ γa′

, Γ11 = γ5 ⊗ γ7, a = 0, 1, 2, 3; a′ = 1, . . . , 6 .

The charge conjugation matrix is C = C ⊗C ′.

The fermionic variables Θα of IIA supergravity carrying 32-component spinor indices

of Spin(1, 9), in the AdS4 × CP 3 background and for the above choice of the D = 10

gamma-matrices, naturally split into 4-dimensional Spin(1, 3) indices and 8-dimensional

spinor indices of Spin(6), i.e. Θα = Θαα′

(α = 1, 2, 3, 4; α′ = 1, . . . , 8).

A.5 24 + 8 splitting of 32 Θ

24 of Θα = Θαα′

correspond to the unbroken supersymmetries of the AdS4 × CP 3 back-

ground. They are singled out by a projector introduced in [6] which is constructed using

the CP 3 Kähler form Ja′b′ and seven 8×8 antisymmetric gamma-matrices (A.3). The 8×8

projector matrix has the following form

P6 =
1

8
(6 − J) , (A.11)

where the 8 × 8 matrix

J = −iJa′b′ γ
a′b′ γ7 such that J2 = 4J + 12 (A.12)

has six eigenvalues −2 and two eigenvalues 6, i.e. its diagonalization results in

J = diag(−2,−2,−2,−2,−2,−2, 6, 6) . (A.13)

Therefore, the projector (A.11) when acting on an 8-dimensional spinor annihilates 2 and

leaves 6 of its components, while the complementary projector

P2 =
1

8
(2 + J) , P2 + P6 = 1 (A.14)

annihilates 6 and leaves 2 spinor components.

Thus the spinor

ϑαα′

= (P6 Θ)αα′ ⇐⇒ ϑαa′

a′ = 1, . . . , 6 (A.15)

has 24 non-zero components and the spinor

υαα′

= (P2 Θ)αα′ ⇐⇒ υαi i = 1, 2 (A.16)

has 8 non-zero components. The latter corresponds to the eight supersymmetries broken

by the AdS4 × CP 3 background.
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To avoid confusion, let us note that the index a′ on spinors is different from the same

index on bosonic quantities. They are related by the usual relation between vector and

spinor representations, i.e. given two Spin(6) spinors ψα′

1 and ψα′

2 , projected as in (A.15),

their bilinear combination va′

= ψ1P6γ
a′P6ψ2 = ψb′

1 (P6γ
a′P6)b′c′ψ

c′
2 transforms as a 6-

dimensional ’vector’.

B OSp(6|4)/U(3)×SO(1, 3) supercoset realization and other ingredients

of the (10|32)-dimensional AdS4 × CP 3 superspace

The supervielbeins and the superconnections of the OSp(6|4)/U(3) × SO(1, 3) supercoset

which appear in the definition of the geometric and gauge quantities of the AdS4 × CP 3

superspace in section 2 are

Eâ = eâ(x) + 4iϑγâ sinh2 M24/2

M2
24

D24ϑ,

Ea′

= ea
′

(y) + 4iϑγa′

γ5 sinh2 M24/2

M2
24

D24ϑ ,

Eαa′

=

(

sinhM24

M24
D24ϑ

)αa′

,

Ωâb̂ = ωâb̂(x) +
8

R
ϑγâb̂γ5 sinh2 M24/2

M2
24

D24ϑ ,

Ωa′b′ = ωa′b′(y) − 4

R
ϑ(γa′b′ − iJa′b′γ7)γ5 sinh2 M24/2

M2
24

D24ϑ ,

A =
1

8
Ja′b′Ω

a′b′ = A(y) +
4i

R
ϑγ7γ5 sinh2 M24/2

M2
24

D24ϑ ,

(B.1)

where

R (M2
24)

αa′

βb′ = 4ϑα
b′ (ϑ

a′

γ5)β − 4δa′

b′ ϑ
αc′(ϑγ5)βc′ (B.2)

−2(γ5γâϑ)αa′

(ϑγâ)βb′ − (γâb̂ϑ)αa′

(ϑγâb̂γ
5)βb′ .

The derivative appearing in the above equations is defined as

D24ϑ = P6

(

d+
i

R
eâγ5γâ +

i

R
ea

′

γa′ − 1

4
ωâb̂γâb̂ −

1

4
ωa′b′γa′b′

)

ϑ , (B.3)

where eâ(x), ea
′

(y), ωâb̂(x), ωa′b′(y) and A(y) are the vielbeins and connections of the

bosonic solution. The U(3)-connection Ωa′b′ satisfies the condition

(P−)a′b′
c′d′

Ωc′d′ =
1

2
(δ[a′

c′ δb′]
d′ − J[a′

c′ Jb′]
d′)Ωc′d′ = 0 , (B.4)

where Ja′b′ is the Kähler form on CP 3.
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B.1 Other quantities appearing in the definition of the AdS4×CP 3 superspace

of section 2

R (M2)αi
βj = 4(ευ)αi(υεγ5)βj − 2(γ5γâυ)αi(υγâ)βj − (γâb̂υ)αi(υγâb̂γ

5)βj , (B.5)

(m2)ij = − 4

R
υi γ5 υj , (B.6)

Λâ
b̂ = δâ

b̂ − R2

k2l2p
· e−

2
3
φ

e
2
3
φ + R

klp
Φ
E7âE7

b̂ , (B.7)

Sβ
α =

e−
1
3
φ

√
2





√

e
2
3
φ +

R

klp
Φ − R

klp

E7
â ΓâΓ11

√

e
2
3
φ + R

klp
Φ





β

α

E7
â(υ) = −8i

R
υγâ sinh2 M/2

M2
ε υ , (B.8)

Φ(υ) = 1 +
8

R
υ εγ5 sinh2 M/2

M2
ευ .

Let us emphasise that the SO(2) indices i, j = 1, 2 are raised and lowered with the unit

matrices δij and δij so that there is actually no difference between the upper and the lower

SO(2) indices, εij = −εji, εij = −εji and ε12 = ε12 = 1.

C Identities for the kappa-projected fermions

When the fermionic variables Θα = (ϑαa′

, υαi) are subject to the constraint (3.8), the

following identities hold.

C.1 Identities involving υαi

υiγ5υj = υiγ3υj = 0 , υαiυβjδij = −1

4
((1 ± γ)C−1)αβυυ , (C.1)

where γ = γ012 and υυ = δijυ
αiCαβυ

βj .

Another useful relation is (ε012 = −ε012 = 1)

υγabdυ = ±εabcυγ
cdυ , (C.2)

which also holds for the kappa-projected ϑ and dϑ.

Using eqs. (C.1) and (C.2) we find that

υεγaυ υεγbυ = δa
b (υυ)2 , υεγacυ υεγcbυ = 2δa

b (υυ)2 , (C.3)

(m2)ij = − 4

R
υi γ5 υj = 0 (C.4)

and

(M2ευ)αi = 0 . (C.5)

A similar computation shows that

υεγ5M2 = 0. (C.6)
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It is also true in general (i.e. without fixing κ-symmetry) that

M2υ = 0 , υγ5M2 = 0. (C.7)

Using the above identities we find that for υ satisfying (3.8)

M2Dυ =
6i

R2

(

Ea ± R

2
Ωa3

)

(γaυ)υυ (C.8)

which results in

4υγa sinh2(M/2)

M2
Dυ = υγa

(

1 +
1

12
M2

)

Dυ (C.9)

= υγa

(

d− 1

4
Ωbcγbc

)

υ +
i

2R2

(

Ea ± R

2
Ωa3

)

(υυ)2 ,

where Ea, Ωbc and Ωa3 are AdS4 components of the supervielbein and connection of the

supercoset OSp(6|4)/U(3) × SO(1, 3) defined in eqs. (B.1) and the matrix M2 is defined

in eq. (B.5).

We also find that

4υεγ5 sinh2 M/2

M2
Dυ = υεγ5Dυ =

i

R

(

Ea ± R

2
Ωa3

)

υεγaυ . (C.10)

C.2 Identities involving ϑαa′

and the simplified form of the OSp(6|4)/U(3) ×
SO(1, 3) supergeometry

Using the definition of M24 , eq. (B.2), and the fact that

[γ012, γa′

] = 0 (C.11)

we find that

(ϑγ′γ5M2
24

)βb′ = 0 (M2
24
γ′ϑ)αa′

= 0 , (C.12)

where γ′ is any product of the gamma-matrices that commutes with γ = γ012, e.g. any

product of γa′

and γa. A slightly longer computation, using the fact that

γ3ϑ = ±γ3γ012ϑ = ±iγ5ϑ , ϑγ3 = ∓iϑγ5 for ϑ =
1

2
(1 ± γ)ϑ , (C.13)

shows that with this projection of the ϑs

M4
24

= 0 . (C.14)

Using the identity

ϑαa′

ϑβb′δa′b′ = −1

4
((1 ± γ)C−1)αβϑϑ , (C.15)

where ϑϑ ≡ ϑαa′

Cαβϑ
βb′ δa′b′ , one can further show that

(M2
24
D24ϑ)αa′

=
6i

R2

(

eb ± R

2
ωb3

)

(γbϑ)αa′

ϑϑ, (C.16)
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where the covariant derivative D24, defined in (B.3), becomes

D24ϑ = P6

(

d+
i

R

(

ea ± R

2
ωa3

)

γ5γa ∓
1

R
e3 +

i

R
ea

′

γa′ − 1

4
ωabγab −

1

4
ωa′b′γa′b′

)

ϑ . (C.17)

This gives

ϑγa

(

1 +
1

12
M2

24

)

D24ϑ = ϑγaD24ϑ+
i

2R2

(

ea ± R

2
ωa3

)

(ϑϑ)2 . (C.18)

Using the above expressions one finds that the form of the OSp(6|4)/U(3) × SO(1, 3) geo-

metrical objects (B.1) simplify to

Ea = ea(x) + iϑγaD24ϑ− 1

2R2

(

ea ± R

2
ωa3

)

(ϑϑ)2,

E3 = e3(x),

Ea′

= ea
′

(y) − 1

R

(

ea ± R

2
ωa3

)

ϑγa′

γaϑ

Eαa′

= (D24ϑ)αa′

+
i

R2

(

eb ± R

2
ωb3

)

(γbϑ)αa′

ϑϑ,

Ωab = ωab(x) +
2i

R2

(

ec ± R

2
ωc3

)

ϑγab
cϑ,

Ωa3 = ωa3(x) ∓ 2i

R
ϑγaD24ϑ± 1

R3

(

ea ± R

2
ωa3

)

(ϑϑ)2,

Ωa′b′ = ωa′b′(y) − i

R2

(

ea ± R

2
ωa3

)

ϑ(γa′b′ − iJa′b′γ7)γaϑ,

A = A(y) − 1

R2

(

ea ± R

2
ωa3

)

ϑγ7γaϑ ,

(C.19)

and in particular

Ea ± R

2
Ωa3 = ea(x) ± R

2
ωa3(x) . (C.20)

Thus, in the chosen κ-symmetry gauge the OSp(6|4)/U(3) × SO(1, 3) supercoset geometry

depends on the fermionic coordinates only up to the 4th power.

Note that in all the above expressions the components ea(x) (a = 0, 1, 2) and

R/2ωa3(x) of the AdS4 vielbein and connection appear only in the combination ea(x) ±
R/2ωa3(x). This combination has a very clear geometrical meaning. In the case, when

the indices a = 0, 1, 2 label the directions of the 3d Minkowski slice of the AdS4,

ea(x) ± R/2ωa3(x) corresponds to the generator Πa = Pa ∓ 1/2Ma3 of the Poincaré

translations ([Πa,Πb] = 0) along the 3d Minkowski boundary which is the linear com-

bination of boosts and Lorentz rotations in AdS4 (see [19] for more details). More pre-

cisely, ea(x)−R/2ωa3(x) corresponds to the Poincaré translation, while ea(x)+R/2ωa3(x)

corresponds to the conformal boosts in M3, or vice versa, depending on the orientation.

When the AdS4 metric is chosen in the form (3.1) the vielbein ea(x) and the connection

ωa3(x) are proportional to each other, namely,

ea = −R
2
ωa3. (C.21)
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Actually, this relation can be imposed for any form of the metric by performing an appro-

priate SO(1, 3) transformation of the AdS4 vielbein and connection.
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